We provide an approach to utilize topological priors to reconstruct the surface of a point scan. In particular, we learn parameters for the basis functions that are used for surface reconstruction, satisfying predefined topological constraints. These requirements are captured by persistence diagrams, and these are used to inform the optimization process that learns the parameters. We obtain parameters to build a likelihood function over the reconstruction domain. This novel topology-aware technique is useful to weed out topological noise from point scans, apart from capturing certain nuanced properties of the underlying shape, that could otherwise be lost while performing direct surface reconstruction. We showcase results reconstructing shapes with multiple potential topologies, compare to other classical surface construction techniques and show completion of medical and real scan data.
Introduction
Shapes are characterized by a number of markers that are representational, and explain their different aspects. These aspects could be geometric, structural, topological, functional or stylistic. These considerations add to our understanding of shape collections, and can be instrumental in solving important problems in 3D vision, geometry processing and computer graphics like shape alignment, shape correspondences, surface reconstruction and shape synthesis.
Of these different considerations, topology invariance of shapes is an oft-observed trait across collections, that is seldom exploited. Topological invariance is an important property of many collections, especially those where the shapes are built in an organic and similar manner. This can be observed especially in human body parts. Most instances of a certain human body part, owing to the fact that they are all formed in a very similar manner, are homotopic. This is to say that the topology of the human heart is always the same, be it that of a child or an older person.
Most shape processing problems, in particular surface extraction techniques, involve choices that are both contin-uous and combinatorial. Continuous choices involve parameter regression, where a certain set of parameters can be regressed from within a continuous set. This could include learning chair leg lengths, or radius of a spherical object. The more difficult combinatorial or discrete choices are those that involve making type classification decisions on shapes. This is seen very often in regressing shape grammars, where an example of a combinatorial choice is that of having an armrest or not. These combinatorial choices are extremely challenging to make, and prove to be a bottleneck in many shape processing tasks.
Persistent homology is a tool that provides us topological markers that capture these combinatorial choices by means of a continuous proxy. Persistence diagrams capture multiscale topology of data. Surface extraction from a point scan usually involves being oblivious to the scale of the point scan, and this could lead to topologically incorrect reconstructions. Here, we provide a technique where we extract a surface from a point scan, preserving the predefined topology of the shape. Since persistence-based tools range across different scales, we manage to sieve out a reliable reconstruction of the point scan respecting the requisite topology.
Most surface extraction techniques that utilize topological information, treat it as post-processing data. We attempt to build likelihood functions that take high values on points that likely lie on the surface. These functions are informed by backpropagation from the persistence diagrams of candidate surfaces, aiding to obtain one of requisite topology. These diagrams act as an intermediary between continuous scale information around the points of the point scan, and the combinatorial aspect which topology aims to capture.
Utilization of topological information for point scan completion can aid in completing sparse point scans reliably. This can also be useful for resolving topological ambiguities that arise from the incomplete nature of point scans, especially in the case of non-intersecting close regions on the surface of the shape. These advantages of topologyaware shape completion shall be showcased with multiple examples in Section 8.
In summary, the contributions of this work are as below:
on a point cloud based on persistent homology measures of any dimension.
• A completely automated surface extraction algorithm that preserves or even creates requisite topology.
• State-of-the-art results of topological fidelity in reconstruction.
• A novel metric that measures quality of surface reconstruction.
Related Work
Performing surface reconstruction from point clouds is a very well-studied and open problem, and in this paper, we attempt to use topological markers to perform this surface reconstruction in a topology-aware manner. In this section, we list important related works that have been critical in understanding and expanding these research ideas.
Persistent Homology
Using topological markers to inform shapes has been performed in different forms for a long time. Persistence has served to be a valuable bridge between problems that employ optimization on a continuous and often compact spaces, as opposed to performing combinatorial optimizations. Persistence has aided to solve topological simplification based issues while performing functional optimization [12] . In general, persistence has been used as a tool to sastisfy topological criteria in a variety of geometry processing applications such as shape matching [7] , optimal pose-matching [10] and shape segmentation [31] .
The problem of attempting to perform topological simplification of shapes as in the context of preserving persistent features in given data has traditionally been performed in the context of function denoising [1, 3] . The work of Gameiro et al. [13] where the authors attempt to continue a point cloud for dynamical systems based applications. Recent work by Poulenard et al. [25] , use the idea of function optimization for the purpose of shape matching. The work in this paper mirrors that of Poulenard et al., by performing function optimization on basis coefficients, which are used to be building blocks of a given function, which in this case is representative of the shape surface.
Surface Reconstruction from Point Clouds
Surface extraction is a well-studied problem, and we shall list a set of relevant related works in this section. Since the problem of surface reconstruction has multiple facets and many interesting sub-problems, we direct the reader to check the survey by Berger et al. [5] for further reading.
There are three major scenarios where surface reconstruction from point clouds is performed, mainly those of urban reconstruction [22] , completing partial surfaces or point scans [2] and interpolating a point cloud to generate an entire surface [16, 9] . In our paper, we mainly consider the third problem, where space, and the surface it contains, are characterized by a function and its properties.
Most surface extraction techniques model the surface to be characterized by the zero-level set of a function that is defined over space [19, 8, 27] . These works approximate the signed Euclidean distance from the underlying surface, and essentially interpolate values between the input points, extracting the underlying surface as a zero set of this interpolated distance field. Since there is no additional information in this sort of technique, there is nothing to prevent points far from the surface to have extremely low values. Therefore, most techniques obtaining reasonable results use an inside-outside points approach, where points inside the surface and outside it, are provided so as to guide the function sign at various regions in space. Moreover, while this is an extremely elegant representation of a shape, it is also very restrictive, with multiple equality constraints being solved for during the optimization step. The work by Poranne at al. [24] takes a minor detour from this, where they don't necessarily force the surface value to be zero. Instead, they obtain the surface by applying an algorithm based on the watershed transform [26] , that pulls out the low-level set of the function values as the surface. In this work we build a likelihood function where points on the surface are given high values, with no value constraints. This way, the surface values can develop organically. A simple surface extraction technique from existing function values can be used to obtain the actual surface.
Topological control in surface reconstruction has been performed by user interaction [29, 33] , fixed template optimization [4, 14, 34] , removing topological errors from an existing surface [18, 32] and optimization-based algorithmic surface reconstruction [28, 17, 35, 20] . In this work, we approach the topology-guided reconstruction along the lines of the optimization-based technique, learning parameters that maximize the function values at surface points, while preserving the topology, using ideas from persistent homology as discussed in Section 2.1.
Overview
The rest of the paper is arranged as follows. In Section 4, the idea of persistence is reviewed. A discussion of classical surface reconstruction is included in Section 5, and the two ideas are organically put together to perform topologyaware surface reconstruction. In Section 6, the optimization to build a topology-aware likelihood function is discussed. This is extended in Section 7, where an extraction technique to obtain a surface from the likelihood function is provided. Section 8 showcases the technique in practical example cases, and evaluates it against other state-of-the-art reconstruction techniques. Section 9 concludes the paper with a brief discussion on future work.
Persistence Diagrams
We begin with a brief discussion on persistent homology, persistence diagrams, and how they are computed [7, 6] . We refer the reader to [11] for a more in depth description. Taking in an increasing sequence of spaces as input, persistent homology tracks how topological features appear and disappear in this sequence. While the formal definition is algebraic, for our purposes we are concerned only with the 0, 1, and 2-dimensional homology groups (which in our setting are vector spaces).These vector spaces capture aspects of connectedness and holes in the underlying data, with the dimension of 0-dimensional homology counting the number of connected components, 1-dimensional homology capturing the number of holes, and 2-dimensional homology capturing the number of voids.
We represent a space by a geometric realization of a simplicial complex, K. Each k-dimensional simplex is the convex combination of k+1 vertices. While not required by the method, in this paper we assume that K is embedded and is a triangulation of a subset of Euclidean space (though we restrict ourselves to dimensions 2 and 3). We remark that the method is more general and can be applied to representations such as cubical complexes (which are equivalent to pixels and voxels).
In addition to a complex, we assume that we are given a function f : K → R. Given f , we can define a filtration F as a sequence of super-level sets (resp. sub-level sets) of f .
The only condition on the function is that it is monotone [11] , for every α, K α is also a simplicial complex.
Corresponding to F, it is possible to draw a persistence diagram (see Figure 1 ), which describes how components, holes, and voids evolve as α changes. A persistence diagram contains points for each dimension of topological features (equivalently, there is a persistence diagram for each dimension), where each point has coordinates which are called birth and death times (b i , d i ). The birth time represents the appearance of a k-dimensional hole (a component is a 0-dimensional hole) and the death represents when this hole gets filled in (for connected components, this represents the merging of two components).
There are numerous algorithms and implements for computing persistence diagrams efficiently and we direct the reader to [23] . In practice, rather than general super-level set filtrations on simplicial complexes, we consider upperstar filtrations, where all the function values occur at vertices. Following [25] , one can view the persistence diagram as a map taking the underlying space K and a function g to a set of points in R 2 . Letting I denote the index on points in the persistence diagram, the map can be defined as:
Furthermore, since we assume our complex is embedded, the vertices of K are points X in the ambient space (in our examples, usually R 2 or R 3 ). For every function on the points f : X → R, we can linearly extend it to a function g on K, where
Hence, we can view the persistence diagram as a map
where we assume a fixed underlying simplicial complex.
Implicit Surface Representation
If we consider a set of basis functions ϕ p that is defined around every point in a point cloud, p ∈ P and let each function be parameterized by α p . We attempt to model the surface covering the points in P as a combination of these basis functions.
In the above notation, α P refers to the set of all α p parameters for all points p ∈ P, or α P = ∪ p∈P α p . If we require every point on the surface to evaluate to 0, this can be used to extrapolate the unknown surface from the known points on the scan. The choice of basis functions ϕ p are a design choice, and would ideally be functions that would evaluate to 0 at the point p around which they are centered. This approach has been used effectively in the past to perform surface reconstruction from point scans [19, 8] .
We use the framework from [25] to determine how the parameters α P influence the persistence diagram, and backpropagate information from the persistence diagram to the function f (., α P ) down to the parameters α P . Classical surface reconstruction techniques use different tricks to build a function to fit a surface to a point scan. Poisson reconstruction attempts to perform this by evaluating a function to 0 on the surface and 1 elsewhere. This insideoutside description of points, along with some extra information such as normal information can be used to then reduce the problem to solving the Poisson equation [19] . Another approach using radial-basis functions, again evaluates to 0 on the surface and a small value at nearby points not on the surface [8] . In our approach, we attempt to build the surface to be higher-valued as opposed to lower-valued as in the above two techniques. We construct Gaussians centered around the points on the scan, and try to maximize the value around the point scans. We then use a topology-aware 
Birth time
Death time surface extraction technique to obtain the surface from this maximal function built over the point scans.
A multivariate 3-D Gaussian at a point x is given by
Here Σ is a symmetric covariance matrix. In our setup, we define the Gaussian basis-function around point p of P to be ϕ p (x; α p ) = G(x; p, α T p α p ). The Gaussian, as described earlier, is centered around the point on the scan p. The covariance matrix of a Gaussian describes the reach of the Gaussian, and is known to be a symmetric positive-definite matrix. Since every symmetric positive definite matrix M can be decomposed into the form M = A T A for some matrix A. This matrix A is also called the square root matrix of M . Mathematically, if the singular value decomposition (SVD) of M is given by
) (square roots of singular values of M ). We define our parameters matrix α p to be this square root matrix, that is the building block of the covariance matrix.
The likelihood functions provide a solid heuristic to initialize our variables and we also sample grid-points from them. Usually the covariance is initialized such that the derivative of the Gaussian is maximized at the average distance between points.
It is also important to define the domain of the function f which we use to define the filtration. We consider a grid, with the function being evaluated at all grid points. The resolution of the grid ensures non-trivial distances between points in the point cloud and the grid points. The underlying 
Topology-aware Optimization
Our optimization procedure assumes that we some a priori information about the topology of our surface. Determining the topology from a point cloud is a related but separate problem, which we do not address in this work.
Topological priors can take several different forms. For example, it take the form of the number of components, holes, or voids that we would like the reconstructed surface to have or it could even be a more general prior, eg. multiple voids are present. More specfically, we assume that the k-most persistent features of the 1-dimensional homology are required to be present in the reconstructed shape. An example objective function that we consider for this is to maximize the persistence of the k-most persistent points in the persistence diagram. Sorting the points by persistence, we optimize using the energy functional
Poulenard et al. [25] show how the derivatives of birth and death components can be computed with respect to parameters on which the persistence diagrams depend. In a similar approach, we build our filtration by considering grid points x ∈ X . It is possible to build a unique map π = (π b , π d ) (if the grid point function values are unique) from the set of points in the persistence diagram to pairs of grid points (x b , x d ) ∈ X × X . Again following the same approach as [25] , we can compute the gradient as
Combining the terms, the gradient of the energy functional is:
Since
, the gradient can be computed using the gradient of the Gaussian:
Therefore,
which gives:
We implemented the entire module in PyTorch and would make the code publicly available on acceptance. Note that the cost function showcased above is an example, and other such differentiable functions can be used instead. In the implementation, backpropagation is separated for the diagrams; therefore one could add custom cost functions.
Surface Extraction
Our objective is to fit a likelihood function to a surface with a desired topology, with the function value large on the surface. If constraints allow, we want low variance as to be certain about the position of the surface. The persistence framework works on a simplicial complex, in our case a type of top-level set, and our optimization aims at securing a simplicial complex at a certain filtration value (or a top-level set for a certain function value) with the prerequisite topology. Ideally, this simplicial complex has few boundary elements which is roughly equivalent to a small top-level set. This simplicial complex could be thought of as a set of candidate surfaces achieving the desired topology, and which can be made smaller or even reduced to one candidate if enough constraints (topological or other) are added. In many cases, one merely wants high-level topological constraints and it is crucial to allow for such flexibility.
The output of our optimization process is a likelihood function that is large where the surface should be and where the surface has the desired topology. From this we can pick the filtration-or function value for which the top-level set achieves the desired topology. Therefore, we often visualize the simplical complex or top-level set with the guaranteed topology, which in many ways is equivalent to a voxelsurface with the correct topology.
There are multiple ways to extract a 1D or 2D surface. One could apply the watershed algorithm [24] to the inverse of our likelihood function. Of course, this cannot guarantee the topology of the result. However, a natural extension to our work is to use the generators of the persistent homologies we are optimizing for as proposals that may in-crementally be improved using the boundaries of our simplicial complex. This allows us to extract a 1D or 2D surface while guaranteeing the topology of the output. Specifically, one can obtain a bijective correspondence between the simplices in the filtration to the homology generators, providing a birth-death pairing to every homology generator -except for those persisting to infinity [15, Theorem 2.3] . This generator has the correct topology and consists of simplices within the optimized simplicial complex. However, it might not be the best candidate considering other information. Typically, the generator has intersecting co-faces within the simplical complex (i.e. its boundary) and by iterating over intersecting co-faces we can consider adding the co-face (or boundary element) to our generator to get a new generator with the correct topology. Thus, one can define a local function over a face of the generator and intersecting co-faces to locally optimize the surface. f (b) ). In the first case we add an edge, and in the second case we remove an edge. This function was constructed as to encourage the removal of edges since the number of edges was considered to be a proxy for smoothness. In this process, we also, to maintain the topology, disallowed any co-faces that would cause the surface to self-intersect, and the process stops when no further co-faces can be added/dropped. This algorithm extends naturally to 2D surfaces. A simple example of the algorithm can be seen in Figure 2 .
Results
Our topology-aware surface reconstruction is a novel technique; the only technique that guarantees the requested topology while incorporating surface reconstruction, while providing flexibility for different topological reconstructions. All other topology-aware surface reconstruction techniques, as discussed in Section 2, use heuristics to approximate topological constraints, and optimize objective functions that respect these heuristics. Our technique is also alone in accepting topological information of any dimension. In this section, we discuss multiple results that validate our technique, and compare it to other state-of-the-art surface reconstruction techniques.
Topological Guarantee
As discussed earlier, the biggest advantage of our technique over other existing ones is the topological guarantee it provides. This aids in it being a fantastic initialization for other reconstruction techniques that require topological fidelity, but cannot guarantee one. Our technique is unique [30] . First row: Input Point cloud Second row: Our reconstruction of the shape in the first row. Third row: Poisson surface reconstruction [19] of the shape in the first row. Shapes showcased (left to right) are two chairs, cup, octopus, snake, dolphin, teddy and table respectively. in this aspect, since no previous technique has managed to provide this sort of topological guarantee in surface reconstruction. In Figure 4 , we see that a spider can be reconstructed to have one void or two. Most surface reconstruction techniques provide one major void, while the other is flattened out, while in our case, we can force this second void by means of pre-defining the requisite topology.
This topological guarantee can be further exemplified in the ring as shown in Figure 5 . This is a two-dimensional case, with a point cloud as shown in Figure 5(a) . Now, the sampling makes it ambiguous about the source shape containing one hole or two. But if this information is available, then our technique can be utilized to reconstruct the ring accordingly as in Figure 5 (b) and (c) respectively. Most surface reconstruction technique use tangent and normal information of points to reconstruct the underlying surface from them. In this case, though, that would mean that the reconstruction with one hole would almost always be produced. So having the underlying topology at hand beforehand, would help in this case.
Another example where this is showcased is in that of the steering wheel in Figure 6 . Here, different topologies (3,2 or 1 rings) are used to reconstruct an input point cloud, and the reconstructions are vastly different from each other. It is observed that for each of the different topologies, the technique progressively closes the less persistent void. It is to be noted that by equipping the technique with topological preservation as a very important criterion, the technique is able to obtain reconstructions, that are seemingly very far off from the original point cloud or surface as in Figure 6 (a) 
Shape Completion
Shape completion is an important problem that we tackle from a topological perspective. Since this sort of treatment, with guaranteed topology has never been attempted to perform shape completion from partial point scans or voxel grids, we claim uniqueness in this aspect.
We perform this in both 2-dimensional and 3dimensional cases. We show how an incomplete face as shown in Figure 7 is completed by means of our technique. Here, the topology of the face, with a hole is provided as the only input apart from the input point cloud, and the technique performs the completion accordingly. It is also seen here, that using the reconstruction technique described in Poranne et al. [24] , captures the high level structure of the shape, introduces a lot of topological noise.
Another example where we showcase the completion power of our technique is when sparse sampling introduce topological ambiguity. In Figure 8(a) , where there are too few points in the input point cloud, attempting to reconstruct this with a single 2-dimensional hole, enforces the reconstruction to produce a consistent, bunny-like reconstruction. This is not necessarily the case when other reconstruction techniques are used. Here, we showcase the Poisson surface reconstruction of the sparse Stanford bunny in Figure 8(c) , it can be seen that the sparsity of the point cloud provides three major concentrations of points in the shape, therefore getting a topologically wrong reconstruction. 
Medical Data
The central motivation to obtain topology-aware surfaces is the potential application to medical data. As described in Section 1, topology of medical data is always predefined, and is invariant across various instances. This is a central property that can be utilized, along with other medical priors, to reconstruct various medical organs from scan data.
To showcase this, we show examples of how one could use this to reconstruct scans of different medical organs. In Figure 9 , we observe the reconstruction of the brain from the the scan data provided in Lerma-Usabiaga et al. [21] . In this case, it can be noticed that even though the input point cloud is dense, it is fairly complex to reconstruct. While our technique reconstructs the brain fairly close to the input point cloud, the more classical Poisson surface reconstruction [19] fails to obtain a topologically correct reconstruction, producing a one-dimensional hole, while the correct topology would consist of two two-dimensional voids, one for each hemisphere of the brain.
We also attempt to reconstruct synthetic point clouds of human hearts. Human heart scans are widely captured, though restricted in availability, and the topology of the human heart is very complex. This makes our method valuable for reconstruction; we showcase this reconstruction in Figure 10 . Here, it is seen that while our method reconstructs the four openings in the human heart, the Poisson reconstruction smoothens the holes, changing the topology of the reconstructed surface.
Comparisons to other Surface Reconstruction/Extraction techniques
Here, we compare our topology-aware technique to two major surface reconstruction techniques. For 2-D surface extraction, we shall compare our technique to that of Poranne et al. [24] , and for 3-D surface reconstruction, we compare primarily to Poisson surface reconstruction [19] . These qualitative comparisons are seen in Figures 7 and 3 . While the Poisson reconstruction is very good on smooth water-tight surfaces, it tends to fail for more natural cases where the inherent topology is non-manifold. This is ob- [24] , specifically the hand,spiral,helix,face,circle and blob datasets, and the 3-D comparisons on 8 categories of the McGill segmentation benchmark dataset [30] .
We develop two different metrics to compare against existing algorithms. We compare against Poisson surface reconstruction [19] for 3D reconstruction and Generalized distance based reconstruction [24] for both 2D and 3D reconstruction. Since our technique aims at perfecting topological accuracy, we compare against the topological accuracy of other techniques. This is done by computing the average number of erroneous k−dimensional components:
where N refers to the number of shapes. We refer to TFI k as the k−dimensional Topological Fidelity Index. Here, if k = 1, then n i,1 is the number of true 1−D holes in shape i, n recons i,k refers to the number of 1−D holes in the reconstruction of shape i. We showcase this for multiple scan sizes of our input point cloud. This is showcased in Table 1 . Our topological guarantee ensures a TFI of 0 for our technique, while a bigger TFI value for other techniques is a measure of how far from ideal their reconstruction capabilities are topologically. The high TFI values for both other methods shows the value of our method that provides topological guarantee.
While the TFI captures topological fidelity, another important factor is the quality of reconstruction. To capture this, we compute the one-way Chamfer distance between a point cloud and its reconstruction. This score is normalized for all shapes in a collection and averaged over the collection. The comparison of these scores across the corresponding techniques for 2D and 3D is provided in Table 2 . Here, we show that, our technique, in addition to perfect topological fidelity, also obtains high quality surface reconstruction. Table 2 . One-way Chamfer distance for 2-D (and 3-D) surface reconstruction comparing our technique to the generalized-distance Watershed algorithm [24] (and the Poisson surface reconstruction [19] respectively) for point clouds of size N points. The lowest values are captured in bold.
Method -2D

Conclusion and Future Work
Topology-aware processing is an unexplored, but important aspect to understanding shapes. In this work, we provide a technique that optimizes topology while attempting to perform surface extraction from point scans. With the increasing number of real world scans, this work is very relevant, and crucial to processing shape collections.
As only single scan reconstructions are addressed in this work, one potential direction to proceed would be to learn topological markers from a collection. Often, shape categories in collections share many topological properties, and utilizing this to learn from the data would be valuable. Obtaining topologically correct reconstructions that can still preserve the smooth regularity of natural surfaces is an open challenge. It would also be very useful to utilize topological priors to perform scan reconstruction on medical data.
